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The purpose of this paper is to apply the modi"ed Vlasov model to the free vibration
analysis of beams resting on elastic foundations and to analyze the e!ects of the subsoil
depth, the beam length, their ratio and the value of the vertical deformation parameter
within the subsoil on the frequency parameters of beams on elastic foundations. This
analysis has been carried out by the aid of a computer program based on the "nite element
method. The "rst ten frequency parameters are presented in tabular and graphical
forms to evaluate the e!ects of the parameters considered in this study. Then mode
shapes corresponding to the "rst six of the frequency parameters are given in "gures. It is
concluded that the e!ect of the subsoil depth on the frequency parameters of beams on an
elastic foundation is generally larger than those of the other parameters considered in this
study.

� 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION

Beams resting on elastic foundations are very common technical problems in structural and
geotechnical engineering. For this reason, numerous works have been concerned with such
problems in the technical literature. In these kinds of problems, the structural system should
be analyzed by using a realistic model for soil}structure interaction.
Many researchers use the Winkler model for soil}structure interaction in the static and

dynamic analysis of beams resting on elastic foundations, where the vertical surface
displacement of the beam is assumed to be proportional at every point to the contact
pressure at that point [1]. In the Winkler model, it is assumed that the foundation soil
consists of linear elastic springs which are closely spaced and independent of each other.
One of the most important shortcomings of this model is that it assumes no interaction
between the springs or discontinuity of the foundation.
In order to overcome this problem, several two-parameter models have been suggested

by many researchers. The model proposed by Filonenko and Borodich acquires continuity
between the individual spring elements in the Winkler model by connecting them to a thin
elastic membrane under a constant tension. In the model proposed by Hetenyi, interaction
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between the independent spring elements is accomplished by incorporating an elastic plate
in three-dimensional problems, or an elastic beam in two-dimensional problems. Another
model proposed by Pasternak acquires shear interaction between springs by connecting the
ends of the springs to a layer consisting of incompressible vertical elements which deform by
lateral shear only. Vlasov developed a two-parameter model that accounts for the e!ect of
the neglected shear strain energy in the soil and shear forces that come from surrounding
soil by introducing an arbitrary parameter, �, to characterize the vertical distribution of the
deformation in the subsoil [2].
All these models are shown to lead to the same di!erential equation. Basically, all these

models are equivalent and di!er only in the de"nition of the second parameter. The Vlasov
model requires the estimation of the � parameter. Jones and Xenophontos [3] established
a relationship between the � parameter and the displacement characteristics, but did not
suggest a computationalmethod. Recently, for a beam on elastic foundation, Vallabhan and
Das [4] determined the � parameter as a function of the characteristic of the beam and the
foundation, using an iterative procedure. They named this model a modi"ed Vlasov model.
Doyle and Povlovic [5] studied a beam having only a portion of its span supported by the
Winkler elastic foundation and investigated the e!ect of such partial support of a beam
element on its natural frequencies. Ding [6] solved the problem of vibrations of beams on
an elastic foundation using the Winkler model and found the natural frequencies by giving
several examples for simply supported beams on a variable Winkler elastic foundation.
Franciosi and Masi [7] used a two-parameter model to solve the free vibration problem of
beams on an elastic foundation. The results presented by them are depended on the
foundation parameters, k and k

�
. Eisenberger [8] obtained the natural frequencies of beams

resting on a variable one- and two-parameter elastic foundation. He presented the
foundation parameters in terms of parts of the beam length. De Rosa [9] examined the free
vibration frequencies of Timoshenko beams on a two-parameter elastic foundation. Kukla
[10] considered the problem of the free vibration of a Bernoulli}Euler beam supported on
a step-like varying Winkler elastic foundation. Lee and Kes [11] carried out a study to
determine the natural frequencies of non-uniform Bernoulli}Euler beams resting on
non-uniform elastic foundation with general elastic end restraints. Thambiratnam and
Zhuge [12] analyzed the free vibration problem of beams on an elastic foundation. Pavlovic
and Wylie [13] investigated the natural response of a beam supported by an elastic
foundation for the case when the Winkler foundation modulus varies linearly along the
span of the beam. Ayvaz and Dalog\ lu [14] applied the modi"ed Vlasov model to
earthquake analysis of beams resting on elastic foundations, and analyzed the e!ect of the
subsoil depth, the beam length and their ratio on its responses. Vallabhan and Das [15]
presented the values of the foundation parameters and the vertical deformation parameter
in terms of the soil depth, the ratio of the soil depth to the beam length, and external load
type. They do not deal with the free vibration analysis. However, no references have been
found for the free vibration analysis of beams on elastic foundations by using the modi"ed
Vlasov model.
The purpose of this paper is to apply, not to introduce, the modi"ed Vlasov model to the

free vibration analysis of beams resting on elastic foundations and to analyze the e!ects of
the subsoil depth, the beam length, their ratio and the value of the vertical deformation
parameter, �, within the subsoil on the frequency parameters of beams on
elastic foundations. For this purpose, a computer program is coded to obtain the sti!ness
and mass matrices of the beam}soil system. The "nite element method is used to construct
the sti!ness and mass matrices. Then, to obtain the the solution of the generalized
eigenvalue problem including these two matrices, the program, MATLAB for Windows 4.0,
is used.
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2. FINITE ELEMENT MODELLING

The governing equation for a beam subjected to the free vibration with no damping is

[M]�wK �#[K]�w�"0 (1)

where K is the sti!ness matrix of the beam-soil system, M is the mass matrix of the
beam}soil system, w and wK are the displacement and acceleration of the beam respectively.
For a beam resting on an elastic foundation, evaluation of the sti!ness and mass matrices
are given in the following sections.

2.1. EVALUATION OF THE STIFFNESS MATRIX

The subsoil considered has a "nite depth with a rigid boundary at the bottom (Figure 1).
The potential energy in the soil}structure system for the unloaded case may be written as
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Figure 1. A simple beam on elastic foundation.
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where �
�
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are the stresses and the corresponding strains in the subsoil,
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�
are the lateral displacement, the #exural rigidity, the length, and the width of

the beam, respectively, andH is the height of the subsoil. By using constitutive relations and
strain}displacement equations of elasticity, the stresses at any point in the foundation can
be expressed as
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where E
�
and �

�
are the modulus of elasticity and the Poisson ratio of subsoil, respectively.

If the assumptions of

<ertical displacement

wN (x, z)"w(x)�(z) for �(0)"1 and �(H)"0 and (4)

horizontal displacement

u(x, z)"0 (5)

are made, and if equations (3)}(5) are substituted into equation (2), the following equation
can be obtained:
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In these equations, �(z) and u are the mode shapes de"ning the variation of the de#ection
wN (x, z) in the z direction and the displacement of the subsoil in the x direction respectively
[15, 16].
By applying variations in � due to variations in w and � and using variational calculus,

one can get
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In these expressions, k, 2t and � are the Winkler foundation modulus, shear foundation
modulus and vertical deformation parameter within the subsoil respectively. The other
terms were previously de"ned.
As can be seen from equation (10), the value of � varies with the displacement of the beam

and the depth of the subsoil. Therefore, the variables w, k, 2t, H and � are all connected to
each other for a beam on an elastic foundation.
If equations (7) and (8) are substituted into equation (6), the potential energy of the

beam}soil system for the unloaded case (see Figure 1) can be rewritten in the following
form:
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The element sti!ness matrices can be evaluated by using the cubic displacement function
that is standard in the "nite element beam theory. A cubic "eld, interpolated from nodal
degrees of freedoms (d.o.f.) �w
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in which N
�
}N

�
are as stated in reference [17].

By substituting equation (12) into equation (11), the sti!ness matrices of the beam}soil
system can be evaluated as
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where [k
�
], [k

�
] and [k�] are the beam sti!ness matrix, the Winkler foundation sti!ness

matrix and the second parameter foundation sti!ness matrix, respectively, and are given as
follows [14, 17]:
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By assembling each element sti!ness matrix obtained from the above equations, the system
sti!ness matrix is obtained.

2.2. EVALUATION OF THE MASS MATRIX

According to Hamilton's variational principle, the total kinetic energy of the beam}soil
system may be written as
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where � is the mass density matrix and wR represents the partial derivative of the vector of
generalized displacement with respect to the time variable. The consistent mass matrix,M,
is obtained by substituting w"N

�
w
	
into equation (17):
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The mass matrix for the beam}soil system needs to be analyzed. The matrix � in equation
(18) is a square symmetric matrix of the form
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where �
�
is the beammass density, h is the depth of the beam cross-section and �

�
is the mass

density of the soil. In view of equation (12), the following expression can be written for each
"nite piece:
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�
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N
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The consistent mass matrix of the beam and the soil can be evaluated after substituting
equation (20) into equation (18) and integrating it from zero to l. By assembling the element
mass matrix obtained, the system mass matrix is evaluated [14].
As mentioned before, the governing equation for a beam subjected to a free vibration with

no damping is represented by equation (1). After substituting w"W sin �t into this
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equation, one can obtain
([K]![M]) �W� "0, (21)

where �W� is a vector of mode shape of vibration and  ("��,� is the circular frequency) is
the frequency parameter. The eigenvalue solution of this equation yields the frequency
parameters and corresponding mode shapes.

3. NUMERICAL EXAMPLES

3.1. DATA FOR NUMERICAL EXAMPLES

In this study, di!erent values ofH,H/¸ and � are used for the parametric study of the free
vibration analysis of beams on elastic foundations. The values of the vertical deformation
parameter, �, are taken to be 1}8. The depths, H, of the subsoil are taken to be 5, 10 and
15m for each � parameter considered, and the ratios H/¸ used are 0)25, 0)50, 0)75 and 1)00
for each subsoil depth. In the calculation of the mass matrix, the mass densities of beam and
subsoil are taken to be 2500 and 1700 kg/m�, respectively. The properties of the beam}soil
system are as follows: The width of the beam is 30 cm; the depth of the beam is 50 cm; the
modulus of elasticity of the beam is 2)7�10�N/m�; the modulus of elasticity of the subsoil is
2�10�N/m� and the Poisson ratio of the subsoil is 0)2.
For the sake of the accuracy in the results, rather than starting with a "nite element mesh

size, the mesh size required to produce the desired accuracy is determined. To "nd out the
required mesh size, convergence of the frequency parameters is checked for di!erent mesh
sizes. In this way, it is concluded that the results have acceptable error when using equally
spaced 20 elements for a 10 m beam. The element length is kept constant for di!erent
lengths of the beam.

3.2. RESULTS

In this study, the "rst 10 frequency parameters of beams considered for several subsoil
depths, beam lengths, their ratios and the values of the vertical deformation parameter
within the subsoil are presented in Table 1. In order to see the e!ects of the changes in these
parameters better on the "rst six frequency parameters, they are given in Figures 2}9 for
�"1}8 respectively.
As seen from Table 1 and Figures 2}9 the values of the frequency parameters for

a constant value of H increase as H/¸ ratio increases, but the values of the frequency
parameters for a constant H/¸ ratio decrease as the value of H increases. The values of the
frequency parameters for a constant value ofH andH/¸ increase as the value of � increases.
It should be noted that the increase in the frequency parameters with increasing H/¸

ratios for a constant value of H gets larger for larger values of the frequency parameters.
The decrease in the frequency parameters with increasing value of H for a constant H/¸

ratio gets less for larger values of H. This behavior is understandable in that a beam on an
elastic foundation with a larger subsoil depth becomes more #exible and has smaller
frequency parameters.
The decrease or increase occurring in the frequency parameters with increasing subsoil

depth for a constant value of H/¸ ratio is larger than the increase or increase occurring in
the frequency parameters with increasing H/¸ ratios for a constant value of H.
These observations indicate that the e!ects of the change in the subsoil depth on the

frequency parameter of the beam on an elastic foundation are always larger than those of
the change in the other parameters considered in this study.
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¹he ,rst 10 frequency parameters of beams on elastic foundations for di+erent values of H, H/¸ and �
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Continued
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1)00 19)16 26)43 45)85 116)64 329)70 817)59 1755)37 3361)56 5898)21 9670)98

8 5 0)25 167)93 179)18 202)97 264)58 445)34 865)50 1678)08 3073)28 5278)83 8559)60
0)50 175)37 204)85 362)61 1242)21 4089)48 10 720)73 23 543)39 45 543)49 80 279)94 131 884)16
0)75 183)31 228)73 934)95 5335)97 19 618)90 52 848)55 117 010)84 226 996)85 400 703)57 659 207)96
1)00 190)48 253)25 2411)85 16 214)95 60 960)09 164 841)94 365 143)72 708 441)51 1 250 705)80 2 052 690)39

10 0)50 45)22 51)40 64)87 99)68 198)51 425)11 861)08 1607)92 2787)27 4540)92
0)75 46)97 58)85 94)51 249)38 737)23 1867)56 4050)92 7799)28 13 725)93 22 545)46
1)00 49)10 66)06 154)65 630)45 2156)39 5704)28 12 567)43 24 358)85 43 013)68 70 795)38

15 0)50 20)36 22)10 26)38 34)24 49)91 82)31 143)19 246)42 408)42 648)33
0)75 20)87 25)23 34)97 60)07 129)23 285)74 585)28 1097)07 1904)12 3103)22
1)00 21)62 28)77 47)64 117)36 329)08 815)32 1751)13 3355)03 5889)05 9658)87
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Figure 2. The e!ects of di!erent values of H and H/¸ on the "rst six frequency

parameters of the beam on elastic foundations for �"1. Key for H values:*�*,
5 m; *�*, 10 m; *o*, 15 m.

Figure 3. The e!ects of di!erent values of H and H/¸ on the "rst six frequency
parameters of the beam on elastic foundations for �"2. Key as for Figure 2.
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Figure 4. The e!ects of di!erent values of H and H/¸ on the "rst six

frequency parameters of the beam on elastic foundations for �"3. Key as for
Figure 2.

Figure 5. The e!ects of di!erent values of H and H/¸ on the "rst six
frequency parameters of the beam on elastic foundations for �"4. Key as for
Figure 2.
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Figure 6. The e!ects of di!erent values of H and H/¸ on the "rst six frequency

parameters of the beam on elastic foundations for �"5. Key as for Figure 2.

Figure 7. The e!ects of di!erent values of H and H/¸ on the "rst six frequency
parameters of the beam on elastic foundations for �"6. Key as for Figure 2.
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Figure 8. The e!ects of di!erent values of H and H/¸ on the "rst six

frequency parameters of the beam on elastic foundations for �"7. Key as for
Figure 2.

Figure 9. The e!ects of di!erent values of H and H/¸ on the "rst six frequency
parameters of the beam on elastic foundations for �"8. Key as for Figure 2.
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As can also be seen from Figures 2}9, the curves for a constant value of H/¸ get fairly
closer to each other as the value ofH increases. This shows that the curves of the frequency
parameters will almost coincide with each other when the value of H increases more. In
other words, the increase in the subsoil depth will not a!ect the frequency parameters after
a determined value of H. In addition, variations occurring in the frequency parameters
increases as the value of H/¸ ratio increases.
As can also be seen from these "gures, depending on the increase in H/¸ ratio, the

increase occurring in the frequency parameters for the larger values of the vertical
deformation parameters, �, gets less as � increases.
In this study, the mode shapes of the beams on an elastic foundation are also obtained for

all parameters considered. Since presentation of all of these mode shapes would take up
excessive space, only the mode shapes corresponding to the six lowest frequency parameters
of the beam for �"1,H"5 andH/¸"0)25 are presented. These mode shapes are given in
Figure 10. In order to make the visibility better, the mode shapes are plotted with
exaggerated amplitudes.
As seen from this "gure, the number of half waves is proportional to the mode number. It

should be noted that appearances of the mode shapes not given, corresponding to the six
lowest frequency parameters for the other values of the parametersH,H/¸ and �, are similar
to the mode shapes presented here.
It should also be noted that the results obtained by using the modi"ed Vlasov model are

not compared with the results of the Winkler model, which is simpler, because the
sti!ness parameter, k, is calculated within the program coded depending on the assumed
values of �, but these parameters in the Winkler model should be given to the program as
data.
The results obtained in this study are not compared with the results given by Franciosi

and Masi [7], because the results given by them are dependent on the foundation
parameters k and k

�
, but, in this study, the foundation parameters are not given as data,

they are calculated by the program and are dependent on the vertical deformation
parameter within the subsoil. Therefore, comparison of the results of both studies will not
be appropriate.

4. CONCLUSION

The modi"ed Vlasov model has been applied e!ectively to the free vibration analysis of
beams resting on elastic foundations. Two soil parameters are calculated in terms of the
parameters, �.
In addition, the following conclusions can be drawn from the results obtained in this
study.

� The frequency parameter always increases with increasing H/¸ ratio for any values of
subsoil depth.

� The frequency parameter always decreases as the subsoil depth increases for any values of
H/¸.

� The frequency parameter always increases with increasing � values for any values of
H and H/¸ ratio.

� In general, the e!ects of the change in the subsoil depth on the frequency parameters of
the beams on elastic foundations are larger than those of the other parameters considered
in this study.
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Figure 10. The "rst six mode shapes of the beam on elastic foundations for �"1, H"5 m and H/¸"0)25.
(a) First mode shape; (b) second mode shape; (c) third mode shape; (d) fourth mode shape; (e) "fth mode shape; and
(f) sixth mode shape.
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